In this study we use the spectral relaxation method (SRM) for the solution of the steady von Kármán flow of a Reiner-Rivlin fluid with Joule heating and viscous dissipation. The spectral relaxation method is a new Chebyshev spectral collocation based iteration method that is developed from the Gauss-Seidel idea of decoupling systems of equations. In this work, we investigate the applicability of the method in solving strongly nonlinear boundary value problems of von Kármán flow type. The SRM results are validated against previous results present in the literature and with those obtained using the bvp4c, a MATLAB inbuilt routine for solving boundary value problems. The study highlights the accuracy and efficiency of the proposed SRM method in solving highly nonlinear boundary layer type equations. 
Introduction
Fluid flow due to an infinite rotating disk was pioneered by von Kármán [1] . He investigated the steady laminar motion of an incompressible Newtonian fluid caused by a constantly rotating disk in a quiescent ambient. He devised similarity transformations which transformed the axi-symmetric Navier-Stokes equations into a set of ordinary differential equations. Cochran [2] obtained asymp-totic solutions for the steady state of von Kármán's problem. Benton [3] improved on Cochran's solutions by solving the unsteady state version of the original problem. The solutions by [3] to the equations elucidated new information about the flow properties and since then, the study of swirling flows have attracted many researchers who have sought to investigate new aspects on the flow. The von Kármán swirling flows find many technical applications in viscometry, spin-coating, computer disks, cool gas turbines, aero-engines, centrifugal pumps, cosmical fluid dynamics and nuclear reactors [4] [5] [6] .
The von Kármán's original problem and its generalizations have been studied using different analytical and numerical methods. Analytical methods used include the Ritz method [7] , the homotopy analysis method [8] [9] [10] [11] [12] , the homotopy perturbation method [13] , the differential transform method (DTM) [14, 15] , the DTM-Padé [16] and a perturbation technique [17] . Numerical studies were carried out using the Crank-Nicolson method by Attia [18] [19] [20] [21] [22] , the shooting method by Sibanda et al. [23] , Osalusi [24] and Takhar [25] , the finite difference method by Attia [26] , Aboul-Hassan [27] and Hatzikonstantinou [28] . Other recent numerical approaches to the von Kármán equations include a combination of the spectral homotopy analysis method and the successive linearisation method [29] [30] [31] .
The main objective of this study is to present a new approach for solving nonlinear systems of boundary value problems. The applicability of the method to solve strongly nonlinear systems of boundary value problems is being investigated in this work on the von Kármán equations governing the flow and heat transfer of an electrically conducting non-Newtonian fluid considering suction/injection effects on the flow. The problem has been proposed earlier by Attia [22] . It was an extension of earlier works by Sahoo [32] and Sahoo et al. [33, 34] who considered partial slip conditions at the wall for a Reiner-Rivlin fluid. Related studies were done by Attia [19] who extended the problem to consider ohmic heating and ion slip [26] . Sahoo [32] used a second order numerical scheme that combines features of the finite difference method and the shooting method to generate numerical solutions. Attia [19, 22] used the Crank-Nicolson and finite differences [26] in his numerical simulations. Akbar and Nadeem [35] used a perturbation series to analyse the effects of heat and mass transfer in a blood model of a Reiner-Rivlin fluid. Makukula et al. [29] recently used the same problem as a benchmark for testing the performance of their improved spectral homotopy analysis method. In this work, we revisit the von Kármán swirling flow problem of [32] and consider suction/injection and solve the underlying highly nonlinear differential equations using a new method called the spectral relaxation method (SRM).
The spectral relaxation method is an innovative iterative method that has been identified to be very efficient and convenient in solving nonlinear boundary value problems defined on semi-infinite intervals and with some of the flow properties decaying exponentially. The method is derived from importing the Gauss-Seidel idea of decoupling systems of equation and linearising them by simple rearrangement of the order in which they are listed and sequentially solved. The governing sub-systems of the algorithm form a sequence of linear differential equations with variable coefficients which are discretized and solved using a spectral collocation method. When comparing the results computed using the proposed SRM with results from published literature excellent agreement is observed. Analysis of the accuracy and convergence behaviour indicates that the proposed SRM quickly converges to very accurate solutions of the von Kármán problem under investigation. It is also demonstrated that the accuracy and convergence speed of the SRM can further be improved by using successive over-relaxation techniques. The remainder of this paper is organized as follows: In Section 2 we give describe the mathematical model and given the governing mathematical equations. In Section 3 we give a description of the proposed spectral relaxation method algorithm and in Section 4 we suggest a method for accelerating the convergence of the SRM. In Section 5 we present the results and give a discussion of the results and finally, in Section 6 we give a conclusion.
Mathematical model equations
We consider an infinite rotating disk coinciding with the plane = 0 with the space > 0 occupied by a viscous, incompressible Reiner-Rivlin fluid. The fluid motion and heat transfer are governed by the equations (see [19, 22, 32] );
with the following no-slip boundary conditions
where W is the vertical velocity component at the surface. The disk is assumed to be rotating with a constant angular velocity Ω about the line = 0 and an external uniform magnetic field is applied perpendicular to the plane of the disk with a constant magnetic flux density B 0 . The velocity components in the directions of increasing φ are respectively. ρ is the density of the fluid, σ is the electrical conductivity of the fluid , µ is the coefficient of viscosity, κ is the thermal conductivity, is the specific heat at constant pressure of the fluid. The temperature of the fluid T , equals T at the surface of the disk. At large distances from the disk, T tends to T ∞ where T ∞ is the temperature of the ambient fluid. The second term on the right hand side of equation (5) represents the viscous dissipation while the last term represents the Joule heating. A uniform injection or suction is applied at the surface of the disk for the entire range from large injection velocities to large suction velocities. The constitutive equation for the Reiner-Rivlin fluid is given by
where represents the pressure, τ is the stress tensor, is the rate of strain tensor and µ is the coefficient of cross viscosity. The Reiner-Rivlin model is a simple model which can provide some insight into predicting the flow characteristics and heat transfer performance for viscoelastic fluid above a rotating disk [36] . The first term on the right hand side of (8) represents the viscous property of the fluid and the third term, the elastic property of the fluid. We introduce the non-dimensional distance η = √ Ω/ν measured along the axis of rotation and the von Kármán transformations [1] 
where F G H P and Θ are non-dimensional functions of η, ν = µ/ρ is the kinematic viscosity. With these transformations and after eliminating F (η) using the relation H + 2F = 0, equations (1) -(5) take the form
subject to the boundary conditions
where K = µ Ω/µ is the parameter that describes the non-Newtonian characteristic of the fluid, S = W / √ Ων is the uniform suction or injection parameter. The parameter M = σ B 2 0 /ρΩ is the magnetic interaction number, P is the Prandtl number and E is the Eckert number.
In the following section we solve the nonlinear coupled system (10) - (13) with boundary conditions (14) using the spectral relaxation method.
Spectral relaxation method (SRM)
The spectral relaxation method (SRM) is a method that is initially being proposed for nonlinear systems of differential equations in which some of the governing unknown functions have exponentially decaying profiles. The method is particularly useful in similarity boundary layer problems in which at least one of the underlying profiles such as velocity, temperature or concentration decays exponentially. The algorithm for the method is summarized as follows:
1. Arrange the governing nonlinear equations in a particular order, placing the equations with the least unknowns at the top of the equations list.
Assign the labels
to the ordered equations in [1.] , where each Z , ( = 1 2 3 ) is an unknown function which, in the th equation, is identified as the unknown function associated with the highest order derivative.
3. In the equation for Z 1 (1st equation), the iteration scheme is developed by assuming that only linear terms in Z 1 are to be evaluated at the current iteration level (denoted by + 1) and all other terms (linear and nonlinear) in Z 2 Z 3 are assumed to be known from the previous iteration (denoted by ). In addition nonlinear terms in Z 1 are also evaluated at the previous iteration. Furthermore, all derivative terms in Z 1 are assumed to be known from the previous iteration. with all other terms evaluated at the previous level, except Z 1 which is now known from the solution of the first equation.
5. This process is repeated in the th equation ( = 3 4 ) using the updated solutions for Z −1 obtained from the previous − 1 equations.
We remark that the strategy used for decoupling the governing system of equations is analogous to the GaussSeidel relaxation method which is normally used in solving linear algebraic system of equations. The method also bears some resemblance to the Jacobi and GaussSeidel waveform relaxation methods that were developed by Lelarasmee [37] for the solution of initial value problems (IVPs) in very large-scale electrical networks. The difference between the waveform relaxation methods of [37] and the current method is that the waveform relaxation methods may require solution of non-linear differential equations which would require further linearization techniques such as Newton-Raphson method for their solution. The proposed algorithm results in a sequence of linear differential equations which can easily be solved using standard methods. In addition, the waveform relaxation methods are developed solely for IVPs and are not suitable for the type of boundary value problems (BVPs) discussed in this work. Using the iteration scheme suggested above leads to a sequence of linear differential equations with variable coefficients which can easily be solved using spectral collocation methods. It is for this reason that the method is called the spectral relaxation method (SRM). The spectral methods are preferred here because of their remarkably high accuracy and ease of implementation in discretizing and subsequent solution of variable-coefficient linear differential equations with smooth solutions over simple domains. A large volume of literature now exists on the practical implementation of spectral collocation methods including the books by [38] [39] [40] which interested readers may find very useful. In the context of the SRM iteration scheme as described above, equations (10) -(13) become 
Equations (15) - (18) are then integrated using the Chebyshev spectral collocation method [38] [39] [40] . The unknown functions are defined by the Chebyshev interpolating polynomials with the Gauss-Lobatto points defined as
where N is the number of collocation points used. The mapping of intervals is done using the transformation
where L is the scaling parameter used to invoke the boundary condition at infinity. The basic idea behind the spectral collocation method is the introduction of a differentiation matrix D which is used to approximate the derivatives of the unknown variables, for example H(η) at the collocation points is approximated as the matrix vector product
where D = 2D/L, and
T is the vector function at the collocation points. Higher order derivatives are obtained as powers of D, that is where is the order of the derivative. The entries of D can be computed in many different ways depending on the type of interpolating polynomials used in the collocation process (see for example [39] [40] [41] [42] ). In this work we use the method proposed by Trefethen [40] in the cheb m Matlab m-file.
Thus, discretizing equations (15) - (18) using the spectral method we obtain the following matrix equations,
where
In the above equations, I denotes the identity matrix of size (N + 1 × N + 1), is a diagonal matrix and H, P and G and Θ are the values of functions H, P, G and θ, respectively, when evaluated at the collocation points. The matrix systems (23) - (26) constitute the SRM scheme and can be solved iteratively starting from a suitable initial guess H 0 (η) P 0 (η) G 0 (η) and θ 0 (η). It should be noted that the SRM scheme is essentially a sequential algorithm as the various matrix equations need to be solved in the chronological order by which they are listed. The initial approximation required to start the iteration process can be chosen as a function that satisfies the underlying boundary conditions and from know physical considerations of the flow properties. A convenient choice of initial approximations for the governing problem is
Starting from the initial approximations (30), the SRM scheme (23) - (26) is repeatedly solved until the following condition is satisfied,
where ε is a prescribed error tolerance which, in this study, is taken to be ε = 10
.
Accelerating the convergence of the SRM
Like many other iterative methods for solving linear system of matrix equations, it is possible to accelerate the convergence and thereby improve the accuracy of the SRM iteration scheme described by the sequence of matrix equations (23) - (26) . In linear algebra, the method of successive over-relaxation (SOR) is normally used to accelerate the convergence of iterative methods for solving linear systems such as the Jacobi and Gauss-Seidel methods. Here, we employ a similar approach and introduce a convergence controlling relaxation parameter ω on (23) - (26) as follows
subject to the same boundary conditions as in (23) - (26) . The choice of the convergence accelerating relaxation parameter ω that gives best convergence depends on the magnitude of the input parameters K and M. It was observed through numerical experimentation that, in some cases, a value of ω in the range 0 9 ≤ ω ≤ 1 accelerated the convergence for some values of K and M. In other case, it was noted that the introduction of the relaxation parameter was not beneficial. It should be noted that ω = 1 gives the basic SRM, ω > 1 is called overrelaxation, and ω < 1 is called under-relaxation.
Results and discussion
Numerical computations for the solution of the governing equations (10) - (13) were carried out using the proposed spectral relaxation method (23) - (26) for selected input parameters K , M and E . In this section, we present the results for the typical velocity and temperature profiles. Results for the shear stress in the radial direction F (0), shear stress in the tangential direction −G (0) and surface heat transfer rate −θ (0) are also analysed for various input parameters. In order to assess the accuracy and convergence of the SRM method, the present results were verified by comparing with other results from literature which have been reported to be accurate to within a certain number of decimal digits. In particular comparison was done against the results reported in [29] and [32] who worked on the same governing equations using the spectral homotopy analysis method and finite differences, respectively. Further validation of the solution was established by comparing the present results with numerical solutions obtained using the MATLAB in-built routine bvp4c which is a finite difference code that implements the three-stage Lobatto III formula 1 . In the calculations presented here, the values of the governing physical parameters were chosen deliberately to make some of the results from published literature in order to enable effective comparison.
In Tab. 1 and 2 we give a comparison of the present SRM solutions against the results reported in [32] and [29] Basic SRM SRM with SOR (ω)
Ref [32] 0. 8 Tab. 4 and 5 present SRM solutions for F (0) and −G (0) respectively, for varying values of M and K . The results are compared against bvp4c generated results and, again, we observe that the results match exactly to at least eight decimal places of accuracy. When K is fixed at K = 1 an increase in the value of M leads to an increase in F (0). Similarly, when M is fixed at M = 1, we observe that increasing K results in increased values of F (0). From Tab. 5 it can be seen that values of −G (0) increase for both increase in M and K . In both Tab. 4 and 5 we observe that the convergence of the SRM increases with an increase in M but decreases with an increase in K . Applying under-relaxation with ω < 1 is seen to accelerate the convergence speed. The effect of under-relation is seen to be especially beneficial for larger values of K where the basic SRM seems to converge slowly.
Tab. 6 displays SRM solutions for −Θ (0) against those of the bvp4c for different values of P M and E . The SRM solutions match the bvp4c results exactly for at least eight decimal digits after only a few iterations. Increasing
P M and E all result in decreased values of −Θ (0).
For all variations in P M and E , introducing relaxation slightly improves the speed of convergence.
Figures 1 -10 depict the effect of varying the governing parameters on the velocity and temperature profiles. The graphs give a comparison between the present SRM results with results generated using Matlab's bvp4c routine. Excellent comparison between the two results validate the accuracy of our SRM computations. Figures 11 -15 display the effect of suction or injection on the velocity and pressure profiles. Figures 1 and 2 show the effect of M and K on the radial velocity profile F (η). Increasing M reduces F (η) due to the inhibiting influence of the Lorentz force. Increasing K enhances F (η).
The effect of M and K on the axial velocity −H(η) is shown in Figures 3 and 4 . The axial velocity increases with the magnetic parameter and decreases with K . Due to the rotation of the disk, the layer near the surface is thrown outwards due to the action of the centrifugal force. This is made up for by particles which then flow in an axial direction towards the disk, which are then carried and ejected centrifugally. Again, the SRM solutions are seen to concur very well with the bvp4c results.
The effect of M and K on the azimuthal velocity component of the flow, G(η) is shown in Figures 5 and 6 . The azimuthal velocity G(η) increases with K but decreases with M because the Lorentz force is opposing the flow and as a resulting slowing the azimuthal velocity. The SRM solutions are in good agreement with the bvp4c solutions.
The non-dimensional temperature profiles for different flow parameters are shown in Figures 7 -10 . Increasing M enhances Θ(η) while increasing K decreases Θ(η). This is so because the thermal boundary layer thickness due to M is more significant than that due to the non-Newtonian parameter K . The temperature profiles decrease with increase in the Prandtl number (P ) and increase with an increase in the Eckert number E . It is well known that the thermal boundary layer thickness is inversely proportional to the square root of Prandtl number, hence the decrease of Θ(η) with P . For bigger values of E , the heat generation due to viscous dissipation near the disk becomes more prominent and temperatures near the disk become larger than those far from the disk, hence the increase of Θ(η) with increase in values of E . Again, it can be seen that the present SRM results match the bvp4c exactly. In Fig. 11 , the effect for both suction and injection on the steady state radial velocity profile F (η) is illustrated. It can be observed that the radial velocity increase with an increase in S. This observation was also made in Attia [22] where it was noted that with increasing suction, more and more of the inflowing fluid passes directly into the porous wall. Thus, the radial velocities decrease as S becomes more negative. The azimuthal velocity G(η) is shown to decrease with suction while increasing with injection in Fig. 12 .
The effect of suction or injection on the axial velocity profile H(η) is shown in Fig. 13 . The axial velocity is shown to increase far away from the surface of the disk. In Fig. 14 we show the individual profiles for different values of S plotted on different axis to demonstrate that the profiles are consistent with the profiles in Figures 3 and 4 for H(η) . They are not linear as may appear in Fig. 13. Fig. 15 shows the effect of suction or injection on the pressure profile P(η). Near the surface of the disk the pressure is shown to be decreased by suction and increased by injection. The effect of the magnetic field on the pressure is shown is Fig. 16 . The magnetic field is seen to reduce the disk surface pressure. In Fig. 17 it is illustrated that a strong non-Newtonian character enhances the pressure at the surface of the disk. The SRM results in this work also agree with present results in the literature by Attia [22] .
Conclusion
The present study is concerned with the application of the new spectral relaxation method (SRM) on the nonlinear system of equations governing the Reiner-Rivlin fluid flow in the presence of Joule heating and viscous dissipa- tion. The SRM results were validated against numerical results generated using Matlab bvp4c routine and against available literature results of [22, 29, 32] . The SRM gives very accurate results which rapidly converge to the benchmark bvp4c numerical solutions. It was determined that the speed of convergence of the SRM scheme can be significantly improved by using successive over(under)-relaxation (SOR) techniques. The success of the SRM in the problem under investigation suggests that the method can be extended to other related boundary layer problems in fluid mechanics applications.
